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ABSTRACT

A method for predicting G(Z, A, EnI is developed

and tested against available experimental data ranging

from Th22g to Cf24g. The only input values required

are the charge and mass numbers (Z and A) and the bind-

ing energy of the last neutron in the A + 1 nucleus.

For incident neutron energies greater than the thres-

hold of multiple chance fission the method is extended

by accounting for each fission process separately.

This method is an extension of the author's work re-

ported in 1963 and 1971.

-ii-



5 REVISITED&

R. J. Howerton
Lawrence Livermore Laboratory, University  of California

Livermore,  California 94550

June 25, 1976

INTRODUCTION

Prediction of the average number of neutrons resulting

from neutron-induced 1-5 or spontaneous fission has been a recur-

ring question for the past quarter-century. Conventional fission

reactors, coupled fusion-fission  reactors, and other devices that

depend upon the fission process all have in common the figure of

merit: g(Z, A, En) l af(Z, A, En) [where En is the incident neutron

energy]. More recently Meldner et al. 6 addressed the problem for

super-heavy elements in the context of prediction of the spon-

taneous fission S(Z, A) for very neutron-rich  isotopes produced in

nuclear explosions. A need for a method of predicting s(Z, A, En)

for all isotopes with 90 ( Z < 99 was dealt with at a recent-

International Atomic Energy Agency Advisory Group Meeting7 in the

context of using or disposing of trans-actinides  produced in fast-

fission breeder reactors.
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The early work lY2 dealt with the observable that ?(E,>

for each isotope is reasonably represented  by a linear function

of En, if En is less than the threshold for second-chance fission.

The work of Schuster and Howerton3 developed a truncated pseudo-

Taylor series for representation  of c(92, A, En> including a

method for extending the incident-neutron  energy regime of

applicability  above the multiple-chance  fission thresholds.

Howerton's work4 extended the method of Schuster and Howerton 3

to include a Z dependence by keeping all first order and one

cross-product term of the pseudo-Taylor  expansion. In both

Refs. 3 and 4 the constants for the truncated pseudo-Taylor

series were evaluated either directly or indirectly from experi-

mental data. Manero and Konshin' presented:

a> a copious review of experimental data

b) a simple relationship  between the spontaneous fission

S(Z, A) and j(Z, A-l, Thermal neutron energy)

c> a review of the methods of Gordeeva and Smirenkin 8

and Ping-Shin Tu and Prince, 9 both of which works

provided methods for estimating s(Z, A, 0) as functions

of Z and A (Ref. 8 presented a linear function of Z, A

and a term related to pairing energy while Ref. 9 used

Z2/A113 and Z2/& in power series form)

Throughout this paper En q  0 refers to either 0.0253 eV or
Thermal neutron energy.



-3-

d) power series fits up to order 5 for G(E,> for various

isotopes.

Meldner et al. 6 estimated 5
sP

by using the energy balance equatior

provided by Nix10 which states effectively that the number of

neutrons per fission is the quotient of the energy available

for neutron emission from the fission fragments divided by the

sum of the average separation energy and the average emitted

neutron kinetic energy. They then derived average separation

energies from mass calculations using Seeger and Howard's

formula, 11 assumed a value for the average emitted neutron kinetic

energy, assumed a Q-value for fission, assumed that the amount

of fission energy that goes into photons is equal to the equiv-

alent energy of one neutron per fission. From these assumptions

and calculations they calculated 5 from the energy balance

equation.

THEORETICAL DEVELOPMENT

It is clear that much of the past work has dealt with bits

and pieces of predicting ;(Z, A, En) and j sp(Z, A). The develop-

ment that will be presented here is a continuation of the work

of Refs. 3 and 4 but with more detail of the assumptions and

reasons for selecting the values about which the pseudo-Taylor

expansion is made.

The following assumptions are made:
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1.

2.

3.

The average total kinetic energy of fission fragments

is independent of incident neutron energy. This

assumption is in agreement with observation. 12

The average energy per fission that is emitted as

prompt photons is constant.

The total energy released in fission is constant for

all isotopes of an element.

With these assumptions, it is further assumed that a Taylor

Series expansion in the three variables (Z, A, EnI is valid.

Thus:

%Z, A, EnI q  TCZ, A, En) . (1)

The next problems are to determine the values of Zo, A0 and E.

about which the expansion is to be made and the order of the

terms in the series that are to be kept. For the Z. and A0

values it seems most reasonable to use an isotope for which

many measurements  have been reported for s(Z,, Ao, En). The

values selected are Z. = 92 and A0 q  235. For E. the most

reasonable candidate is the fission barrier for the nucleus in

question. Since the fission barrier is not an observable per se

a better candidate for E. is the threshold of the fission

reaction (ETh), since this quantity can be checked against an

observable for those isotopes with a positive energy threshold;

e.g., U238 , and

ETh = EBarrier - Bn - 0.9 MeV (2a)
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where Bn is the binding energy of the last neutron in the A + 1

nucleus. The quantity (-0.9 MeV) accounts for the barrier pene-

tration nature of the fission process and was derived from life-

time comparisons between fission and photon emission by

Vandenbosch and Seaborg13 who also presented a semi-empirical

method for calculating the barrier energy. Comparisons with

threshold energies suggest a modification  of this value to 0.4.

In Ref. 13 the variation of the fission barrier with even-even,

even-odd, odd-even and odd-odd fissioning nuclei was dealt with

by an argument based on spontaneous fission lifetimes. A more

basic approach in light of current knowledge would be to make

the argument in terms of pairing energies for the fissioning

nucleus. The basic equation of Ref. 13 when combined with Eq. (2a)

gives:

ETh = 19.0 - 0.36 Z2/A - Bn - 0.4 MeV (2b)

for fission of an even-even compound nucleus. It is to be ex-

pected that the barrier should be raised due to pairing energy

considerations for odd-even and even-odd compound nuclei. From

the same argument, one would expect the odd-odd compound nuclei

to exhibit twice the effect as the odd-even and even-odd nuclei.

Considerations of the binding energy of the last neutron in

typical fission fragments lead to an estimate of the pairing

energy correction of 0.4 MeV for odd mass compound nuclei. This

leads to
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STh(Z, A) = 18.6 - 0.36 Z2/(A+1)

+ 0.2[2. - (-UAtl - (-l>zl - Bn .

(2c)

The threshold for fission can be obtained from Eq. (2~) using

mass tables14 derived from experiment or semi-empirical mass

formulas such as that of Seeger and Howard. 11 Comparison of the

fission thresholds calculated from the formula of Ref. 13 and

the measured threshold energies (energy at which the cross section

is one-half its plateau value) shows generally good agreement

(within a few hundred keV). Of course, the comparison can be

made only forthoseisotopes that have a positive threshold energy.

Using the assumptions that s(Z, A, En) varies linearly with

the excitation of the fission fragments and that the energy

released in photons is constant:

3 = kEi = k(ET - EK - Ey) (3)

where Ei, ET, EK and EY
are the average internal, total, kinetic

and photon energies released in fission. If k is the reciprocal

of the product of the average separation energy of a neutron

from a fission fragment by the average kinetic energy of a fission__-

neutron, Eq. (3) becomes identical in content, but not in form,

to the equation of Ref. 10 used in Ref. 6.

Assuming the proportionality  of EK to Z2/A1j3 as suggested

in Ref. 1 and evaluated more recently in Ref. 12:
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f& = dET
vTh Ei

. (4)

Since ET and Ey are hypothesized  to be constant for the isotopes

of an element and evaluating Eq. (4) for uranium, dET, dEy and

dZ are zero so that for U235

. (5)

Since a pairing energy effect depending on the even odd

characteristics  of the charge and mass of the compound fissioning

nucleus is to be expected, a term which modifies the threshold 5

value is included. Although it is possible to make arguments

about the relative magnitudes of the binding energy of the last

neutron in even-neutron and odd-neutron fission fragments before

emission of fission neutrons and arrive at essentially the same

value for the pairing energy contribution, the value used here

was obtained from comparing the experimental c(E) values for
u235 and U238 and is 0.12 neutrons per fission. Thus the vTh

value is written:

3,,tZ, A) = 2.33 + 0.06[2. - (-ljAtl - (-1)'l .

If the average total fission fragment energy equation of Refs.

1 and 12 included a pairing energy term, it should be possible

to calculate the constant or, conversely, this implies that a

pairing energy term should be included in the equation. The



-8-

magnitude of such a term, however, would be such that it would

be masked by the uncertainty in the experimental  data.

The problem remains to determine the order of truncation

of the Taylor Series representation  of ?(Z, A, En). Clearly,

the simplest truncation would be to keep only first order terms

but, since it is known empirically that for a single element

the energy dependence is different for different isotopes, the

cross product term involving 'energy and mass should also be

included. Following this simplest approximation  (all first order

terms plus the energy-mass cross term) the expansion can be

written:

XZ,A,E~) q  co + Cl(Z-92) + C2(A-235) + C3(E-ETh)

+ C4(A-235) (E-E,) + O(Z,A,E) .

(7)

The constant Co is evaluated from Eq. (6) for U235; C2 is given

by Eq. (5); C3 is determined from the slope of u(92, 235, EnI

experimental values and equals 0.130; C4 is determined from

comparison of fits to experimental data for U 235 and U238 and

equals 0.006; Cl, which supplies the Z dependence, is obtained

from a comparison of Pu 239 and U235 experimental data and equals

0.15. The resulting equation:

T(z,A,EJ = 2.39 + 0.06[2. - (-i)A+l - G1>zl  + 0.15(2-92)

+ O.O2(A-235) + CO.130 + O.O06(A-235)1(E - ETh>

(8)
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differs from Eq. (3) of Ref. 4 only in the second term.

The extension of Eq. (2~) and Eq. (8) to applicability  in

the neutron energy regime where multiple chance fission can

occur requires:

1. Estimating the probabilities of successive chance fission.

2. Estimating the mean kinetic energy of the emitted

pre-seisson neutrons.

3. Taking proper account of binding energies of the last

neutron in the various fissioning isotopes.

After combining the first four terms of Eq. (8) to obtain the

value of g(Z, A, ETh)

3,,(Z, A) = 2.39 + 0.06[2. - (-l)A+l - (-l)']

t o.15(2-92) + O.O2(A-235) (9)

and defining the first factor of the fourth term of Eq. (8) to be

Gl(A) = 0.130 + O.O06(A-235) , (10)

the following relationship  is obtained which applies both above

and below the threshold for multiple chance fission.

M

S(Z,A,E,) = c Rn x In + vTh- (A- n,Z) + vl(A - n>
n=O

x [En - EB(A) + EB(A - n) - n x ET(n)

- ETh(A - n>lI . (11)
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where: Rn are the fractions of the total fission cross section

going to each process; i.e.,

RO(En) =

Rl(En) =

R2(En) =

EH(A) = total

Z and

"direct fission (En)

'Total fission (En)
;

'nn'f (En)

'Total fission (En)
;

'n,2nf (En)

'Total fission (En)
; etc.

binding energy of the nucleus with charge

mass A;

ET(n) = mean energy of pre-scission  neutrons;

ETh(A-n) = threshold energy of the fission process for

the nucleus with charge Z and mass (A - n>.

M = the degree of multiple chance fission to be taken

into account.

Estimates of the Rn and ET(n) values were given by Howerton

in Ref. 4 and were obtained from considerations of nuclear

systematics and available energy.

COMPARISON WITH EXPERIMENT

Values of 3(Z, A, En) calculated from Eq. (8) with experi-

mental data agree surprisingly well with measured values,

especially since the constants of Eq. (8) are of only one or two
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figure significance. Tables 1 through 9 present values of

s(Z, A, En) calculated using Eq. (8) together with appropriate

experimental values. The threshold values used were taken from

experiment where the fission cross section has a positive thres-

hold and has been measured. For U233, U235, PUCK' and Pu241

the threshold was determined such that the zero neutron energy

value of V<Z, A) agreed with the recommended  values of Ref. 5

after renormalization  to a value of 3.73 for 3 spontaneous of

Cf252 . The experimental values presented in Tables 1 - 9 were

likewise renormalized  to the same value. Since the threshold

is difficult to determine from measured fission cross sections

to an accuracy greater than *lo0 keV, the observed threshold

was adjusted slightly for Th232 , U 234 , U236 , U 238 and PUCK'

such that the weighted mean of the ratio of calculated to experi-

mental c(Z, A, En) values was essentially unity. The only patho-

logical deviation is noted in the first three values of Table 1

where there is a suggestion of rising 5 with decreasing energy.

To test further the adequacy of Eq. (8) in the order of

the energy term, least-squares fitting for several isotopes was

undertaken. The experimental data were weighted with the recip-

rocal of the experimental error and fits were obtained using a

standard least-squares method. In no case was a significantly

better fit obtained by including higher order (up to order 5)

terms in neutron energy.

There have been relatively few measurements of s(Z, A, En)

for isotopes other than those represented  in Tables 1 - 9. One
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series of zero-energy measurements was reported by Jaffey and

Lerner. 49 Table 10 presents their experimental results and

calculated values using Eq. (8) and the calculated thresholds

from Eq. (2~) for the isotopes not included in Tables 1 - 9.

The experimental  values of Table 10 were renormalized  to the

value of 3.73 for the spontaneous fission i3 of Cf252 . The

anomaly associated with the zero energy j of U232 was remarked

upon by the experimentalists  who stated that there were problems

with their apparatus which caused this measurement to be less

satisfactory than the other measurements  they reported. A

single measurement for zero neutron energy < has been reported

in Ref. 51 for Cf24g. The experimental  value is 4.03 t 0.04

and the value calculated from Eqs. (2~) and (8) is 4.00.

CONCLUSIONS

Expanding the charge, mass, and energy dependence of 3

in the form of a truncated Taylor Series apparently yields a

reasonable representation  for s(Z, A, En) if the zero- , first-

and one second-order cross term are kept in the truncation.

The comparison of calculated with experimental data displayed

in Tables 1 - 10 indicate that, in general, agreement can be

expected to within 5 percent for isotopes ranging from Th22g to

Cm245 . The agreement with the zero energy value for Cf 24g to

less than one percent may, of course, be fortuitous but the

method for predicting i(Z, A, En) appears to be satisfactory for
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a large range in charge and mass. There is no indication that

keeping more terms of the Taylor Series representation  would

yield better agreement with experiment.

Using Eqs. (2~) and (8) for prediction may or may not be

valid for very neutron-rich  isotopes such as those discussed

by Meldner et al. 6 If such predictive calculations are carried

out, the results do not agree with those reported in Ref. 6.
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Table 1. Comparison of calculated values of 5 for Th232 with

experimental  values. The calculated values were

obtained using Eq. (8).



-2o-

Table 2. Comparison of calculated values of ? for U233 with

experimental  values. The calculated values were

obtained using Eq. (8).

~.---

YR-REF
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Table 3. Comparison of calculated values of 3 for U234 with

experimental values. The calculated values were

obtained using Eq. (8).
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Table 4. Comparison of calculated values of 5

experimental values. The calculated

obtained using Eq. (8).

for U235 with

values were

F 7 _ -2 -1 _’ .1 !_- .-_
n ! - .-‘._I
c -c,.:, - i 8
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Table 4 (contd)

i-l-,; r- ,‘LTILL., ‘UT?--REF
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Table 4 (contd)
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Table 4 (contd)
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Table 5. Comparison of calculated values of j for U236 with

experimental values. The calculated values were

obtained using Eq. (8).

-

YFF;-REF

71- 3y
71- 33

3 (l- 33
Tl- 39
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Table 6 (contd)
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Table 7. Comparison of calculated values of 7

experimental values. The calculated

obtained using Eq. (8).

for PUCK' with

values were

YR-REF
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Table 7 (contd)
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Table 7 (contd)

1.368

_. ..- -,i. 88,



-32-

Table 7 (contd)

“r’?-REF
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Table 8. Comparison of calculated values of 3

experimental values. The calculated

obtained using Eq. (8).

for PUCK' with

values were

YR-REi
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Table 9. Comparison of calculated values of v' for Pu241 with

experimental values. The calculated values were

obtained using Eq. (8).



Table 10. Comparison of calculations using Eq. (8) with the

experimental data of reference 49.

Nuclide 5 Exp 5 Calc G Calc/G Exp

Th2*' 2.06 + .02 1.99 0.966

U232 3.10 t .06 2.37 0.764

U233 2.46 t .Ol 2.45 0.996

U235 2.385 If: .005 2.383 0.999

Pu238 2.87 + .03 2.81 0.979

Pu23g 2.86 + .Ol 2.85 0.997

Pu241 2.85 I! .02 2.90 1.018

Am241 3.19 + .04 2.94 0.922

*242rn 3.23 + .02 3.18 0.984

Cm243 3.40 + .05 3.41 1.003

Cm245 3.80 ?I .03 3.38 0.889


